
1

Least Squares Conformal MapsLeast Squares Conformal MapsLeast Squares Conformal Maps

Bruno Lévy
Sylvain Petitjean

Nicolas Ray
Jérome Maillot

Bruno Bruno LévyLévy
Sylvain Sylvain PetitjeanPetitjean

Nicolas RayNicolas Ray
JéromeJérome MaillotMaillot

ISA – Inria – Numerical Geometry Group

Introduction
Motivations
Introduction
Motivations

• Texture Mapping
• Remeshing [Alliez02]
• Compression [Gu02]
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Anisotropy - partial derivatives
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Anisotropy - 1st fundamental form
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Anisotropy - 1st fundamental form
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a =  λ1 ;   b =  λ2a =  λ1 ;   b =  λ2 (eigen values of G)

|| x(W) || 2 = Wt.G.W|| x(W) || 2 = Wt.G.W
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Singular values decomposition (SVD) of J

Rem: G = Jt.JRem: G = Jt.J a =  λ1 ;   b =  λ2a =  λ1 ;   b =  λ2
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From (x,y,z) to (u,v)From (x,y,z) to (u,v)
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• [Maillot 93] 
• || G – I ||2

• [Hormann 00] MIPS : 

• || J ||F || J-1 ||F = a/b + b/a = trace(G) / det(J)
• [Sander 01] Stretch minimization :

• L2 =   (a2+b2) / 2    ;   L  = max(a,b)

• Conformal Maps, Dirichlet Energy
• [Pinkall93],[Eck95],[Haker00],[Desbrun01],  [Sheffer01]

•• [Maillot 93] [Maillot 93] 
• || G – I ||2

•• [[HormannHormann 00] MIPS : 00] MIPS : 

• || J ||F || J-1 ||F = a/b + b/a = trace(G) / det(J)
•• [Sander 01] Stretch [Sander 01] Stretch minimizationminimization ::

• L2 =   (a2+b2) / 2    ;   L  = max(a,b)

•• ConformalConformal MapsMaps, Dirichlet , Dirichlet EnergyEnergy
• [Pinkall93],[Eck95],[Haker00],[Desbrun01],  [Sheffer01]
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• Barycentric Maps [Floater 95],  [Levy 98]

• Spectral methods, MDS [Zigelman]

• Gradient Regularization [Levy 01]

• Compatible triangulations [Gotsmann]

•• BarycentricBarycentric MapsMaps [[FloaterFloater 95],  [95],  [LevyLevy 98]98]

•• Spectral Spectral methodsmethods, MDS [, MDS [ZigelmanZigelman]]

•• Gradient Gradient RegularizationRegularization [[LevyLevy 01]01]

•• Compatible triangulations [Compatible triangulations [GotsmannGotsmann]]
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Conformal = locally isotropic

a = b

Laplace – Beltrami ∆

Conformal = locally isotropic

a = b

Laplace – Beltrami ∆
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∂ x∂ x{{Cauchy-Riemann:
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Link with Dirichlet Energy
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Link with Dirichlet Energy

EC(u) + Au(T) = ED(u)EC(u) + Au(T) = ED(u)

∆∆ED(u) = ½ .  |   u |2ED(u) = ½ .  |   u |2 Dirichlet EnergyDirichlet Energy

Au(T) =       det(Ju)Au(T) =       det(Ju) Area of TArea of T

EC(u) = ½ . || D90(∂u) - ∂v ||2EC(u) = ½ . || D90(∂u) - ∂v ||2

where:where:

Conformal EnergyConformal Energy

[Douglas31] [Rado30] [Courant50] [Brakke90][Douglas31] [Rado30] [Courant50] [Brakke90]
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The cotangent coefficients [Pinkall93]
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The cotangent coefficients [Pinkall93]
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LSCM
Strategy

• Sum of Squares     Gramm matrices

• Topo. Disc Euler operators

• Similarity Invariance      C

•• SumSum ofof Squares     Squares     GrammGramm matricesmatrices

•• Topo. Topo. DiscDisc Euler Euler operatorsoperators

•• SimilaritySimilarity Invariance      Invariance      CC
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LSCM
Cauchy-Riemann in a ∆ : back to the roots (of -1)
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Cauchy-Riemann in a ∆ : back to the roots (of -1)
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EC(T) =            [ W1 W2 W3 ]EC(T) =            [ W1 W2 W3 ]
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Uk = uk+ivkUk = uk+ivkWk = (xk+2-xk+1) + i(yk+2-yk+1)Wk = (xk+2-xk+1) + i(yk+2-yk+1) ;
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LSCM
Cauchy-Riemann in a ∆ : back to the roots (of -1)
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Cauchy-Riemann in a ∆ : back to the roots (of -1)
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Matrix Form of the Criterion
LSCM
Matrix Form of the Criterion

EC( [U1,…,Un]t ) = Σ EC(T)EC( [U1,…,Un]t ) = Σ EC(T)

= Ut.c.U= Ut.c.U

wherec = MtMwherec = MtM

TT

and mi,j =        Wj,Ti /   2.A(Ti)  if j in Ti

0               otherwise

and mi,j =        Wj,Ti /   2.A(Ti)  if j in Ti

0               otherwise
{{
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Removing degrees of freedom
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Removing degrees of freedom

U = [Uf ; Up]tU = [Uf ; Up]t M = [Mf ; Mp]M = [Mf ; Mp]
EC(Uf) = || Mf.Uf + Mp.Up||2HEC(Uf) = || Mf.Uf + Mp.Up||2H

MfMf MpMp
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LSCM
Back to Reality
LSCM
Back to RealityI

Ec(x) = || A.x – b ||2Ec(x) = || A.x – b ||2

Re(Mf)   - Im(Mf)

Im(Mf)     Re(Mf)

Re(Mf)   - Im(Mf)

Im(Mf)     Re(Mf)
[[ ]]

Re(Mp)   - Im(Mp)

Im(Mp)     Re(Mp)

Re(Mp)   - Im(Mp)

Im(Mp)     Re(Mp)
[[ ]][[Re(Up)

Im(Up)

Re(Up)

Im(Up)]]
A = A = 

b = -b = -
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b    a

a   -b

b    a[[ ]]
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LSCM
Critical point of Ec

LSCM
Critical point of Ec

Ec(x) = || A.x – b ||2Ec(x) = || A.x – b ||2

if  At.A is non-singular, the critical point x* is given by:

x* = (At.A)-1.At.b

if  At.A is non-singular, the critical point x* is given by:

x* = (At.A)-1.At.b

Rem: At.A is the Gramm matrix of the columns of A

{A is of maximum rank} => {At.A is non-singular} 

Rem: At.A is the Gramm matrix of the columns of A

{A is of maximum rank} => {At.A is non-singular} 
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LSCM
Euler Operators
LSCM
Euler Operators

-Two operators, glue and join

-Preserve the maximal rank property of A

-Vertices -> columns of A

-Triangles -> rows of A

-Two operators, glue and join

-Preserve the maximal rank property of A

-Vertices -> columns of A

-Triangles -> rows of A
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The join operator
LSCM
The join operator

Mf
(i)Mf
(i)
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p2

p3

W1,T W2,T W3,T 0..0W1,T W2,T W3,T 0..0
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The glue operator

Mf
(i)Mf
(i) 00

W1,T W2,T 0..0W1,T W2,T 0..0 Wi+1,TWi+1,T

p1
p2

λ1 λ2 …….   λi+1λ1 λ2 …….   λi+1

pi+1
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LSCM – other properties
Triangle Flips - erratum
LSCM – other properties
Triangle Flips - erratum

How to fix this:
• Constrained optimization as in [Sheffer]
• Rivara’s subdivision as in [Desbrun]

HowHow to to fixfix thisthis::
•• ConstrainedConstrained optimizationoptimization as in [as in [ShefferSheffer]]
•• Rivara’s subdivision as in [Rivara’s subdivision as in [DesbrunDesbrun]]

For internal vertices,

LSCM = cotangent formula

[Desbrun02] = LSCM

⇒Triangle flips may occur.
Counter-example (see web-page)

In practice: never observed

For internal vertices,

LSCM = cotangent formula

[Desbrun02] = LSCM

⇒Triangle flips may occur.
Counter-example (see web-page)

In practice: never observed
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LSCM
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LSCM
Other properties

• Natural border extrapolation 
• Taken into account by quadratic form
• Independance to a similarity applied to 

the pinned vertices
• Independance to resolution

•• NaturalNatural border extrapolation border extrapolation 
•• TakenTaken intointo accountaccount by by quadraticquadratic formform
•• IndependanceIndependance to a to a similaritysimilarity appliedapplied to to 

thethe pinnedpinned verticesvertices
•• IndependanceIndependance to to resolutionresolution
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LSCM
Example: a huge chart (72500 trgls)

LSCM
Example: a huge chart (72500 trgls)


